In this paper, the author derives, an upper and a lower bounds for the positive nth-root of positive integers ≥ 2. In the second section, the main result is applied to generate some inequalities involving Gamma funtion.
Introduction
The motivation behind this result is Fermat last theorem itself. We discovered the inequalities
(1 + 1 nj ) while trying to find bounds A n and B n for n √ x n + y n , satisfying the condition A n = B n , where x, y are integers, and . is the greatest integer function. Unfortunately, as it will be seen in Corollary 2, the absolute errors given by the obtained bounds diverge at infinity. Therefore they cannot satisfy the above condition. However, because of the general aspect of this inequalities, in the sense that they apply to all positive integers greater than 1, and because they reflect a connection between analysis and number theory, from the viewpoint that the bounds are product series and k takes integer values; we found it worthy to explore them further and look for their applications. This leaded as to some results involving gamma function, product series as well as the limits stated in the last theorem of this paper.
Main result
From the identity b n − a n = (b − a)
n−1 k=0 b k a n−k−1 , we have
Using the fact that n √ x < n √ x + 1 for every positive integer n and every positive real number x, we have
From (1) and (2), it follows that
which implies
By acting on the left inequality above, we get
Now, in (5), replace x, consecutively, by 1, 2, 3, ..., k to get
...
) .
Using induction, we obtain our main result which we state as a theorem.
Theorem 2.1. For every positive integers k and n both ≥ 2 ,
Example 2.2.
1.39
In what follows, we denote
tively, by A n,k , B n,k and C n,k . Unless stated otherwise, n and k are integers ≥ 2 .
Remarks. a 1. Clearly, A n,k , B n,k and C n,k all converge to 1 as n → ∞ .
2. The divergence of the products of the form
, where a is a positive real number and b is a real number, can be deduced from (6). Consequently,
3. The following identities are used thereafter, in some proofs and calculations .
and
4. The right inequality in (6) can be also shown based on these two facts:
As shown in the next corollary, Theorem 2.1 can be used to determine some bounds for the products
Corollary 1.
The right inequalities in (13) and (14) can be relaxed by omitting the term
and lim
Proof. We use the well known sine product formula that can be found in [3] ;
Hence
and since
Also,
; by using (15), = ∞ ; by using (7).
Remark 2.4. By (17), we have
from which, it follows that for every integer m, we have
Now, we prove some facts related to the absolute and relative errors given by A n,k and C n,k on B n,k . The following inequality known as Bernoulli's inequlity will be of some use for us: For all positive integers j and n, with n ≥ 2 , we have
Theorem 2.5. Both B n,k A n,k and C n,k B n,k increase in terms of k , with
Proof. Inequality (12) ensures that C n,k A n,k is an increasing sequence of k .
To show that B n,k A n,k increases in terms of k , we observe that
and we use Bernoulli's inequality (20) which implies
that is
A n,2 > 1 and C n,2 B n,2 > 1 , we conclude that
Combining the above inequalities with formula (16), we have
This completes the proof.
Proof. From Theorem 2.5, we have that
The second assertion of the corollary is proved similarily.
Example 2.6. The following short example, gives a little sight on the relative numerical behavior of the above series as well as the absoute and relative errors in approximating B n,k from the left by A n,k and from the right by C n,k . For n = 20 and k = 3000 , we have In this section, we use the main theorem to prove some inequalities involving the real Gamma function defined by
The following two formulas, which can be found in [3] , are among the wellknown properties of Γ(x).
, for x / ∈ Z .
We remained the reader that, as before and unless stated otherwise, n and k are integers ≥ 2 .
Theorem 3.1.
Proof. Using (26), we have
Then we use the main theorem to obtain the result.
In what follows, we use Algebra operations under the radical in the main theorem, to generate more inequalities involving Gamma function and closed form products. Theorem 3.2. Let s and t be two different integers ≥ 2 . Then
Proof. Theorem 2.1 implies that
A little work on (32) and (33), using (8), (9) and (10), leads to the following inequalities n − 1 n
So that we have (n − 1)(nt) (n + 1)(nt − 1)
Then we use (29) to complete the proof.
Addition of integers under the radical in the main theorem, may lead to some inequalities such as the following. Theorem 3.3. Let s and t be two integers ≥ 2 , with s ≤ t . Then 2n n + 1
Proof. In the main theorem, replace k consecutively, by s n , t n and (s + t) n , to get
That implies
Then observe that
Since s ≤ t , we have
and the theorem follows.
Proof. In (36), replace t by s to obtain,
Then use formula (29), and take the limit as n → ∞ .
Next, we use the main theorem to generate some inequalities involving positive nth-root of rational numbers.
Theorem 3.4. Let p and q be positive integers with p > q . Then
Proof. If q ≥ 2, then using the left inequality in the main theorem, we have
The above inequality holds for the case where q = 1 . The right inequlity in (39), is obtained by using identities (11) and (12) . 
Proof. Since n p q = n α p α q , we replace p by α p and q by α q in (39), we let α → ∞ , then we apply formula (15). To prove the inequalities in (41), we take the reciprocals of the terms in (40), then we use the fact that
Example 3.5. Here is a short example that shows the numerical aspect of the product in formula 40, when α takes values 1 , 10 , 100 , 1000 .
For n = 5 , p = 27 and q = 11 , we have Some few extra examples give us the impression that the product in (40) decreases, in the general case, toward n p q as α tends to infinity. This is the subject of the following theorem. Then the poof of (43) is completed by using Corollary 4 . The proof of (44) is done by taking the reciprocals of the terms in (43) and using (42) .
